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We introduce a spectral reconstruction method to enhance the spectral resolution in a static modu-
lated Fourier-transform spectrometer. The optical-path difference and the interferogram in the focal
plane, as well as the relationship of the interferogram and the spectrum, are discussed. Additionally, for
better spectral reconstruction, applications of phase-error correction and apodization are considered. As
a result, the transfer function of the spectrometer is calculated, and then the spectrum is reconstructed
based on the relationship between the transfer function and the interferogram. The spectrometer com-
prises a modified Sagnac interferometer. The spectral reconstruction is conducted with a source with
central wave number of 6,451 cm ™' and spectral width of 337 cm ™. In a conventional Fourier-transform
method the best spectral resolution is 27 cm™, but by means of the spectral reconstruction method the
spectral resolution improved to 8.7 cm ', without changing the interferometric structure. Compared to a
conventional Fourier-transform method, the spectral width in the reconstructed spectrum is narrower by
20 cm', and closer to the reference spectrum. The proposed method allows high performance for static
modulated Fourier-transform spectrometers.
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L. INTRODUCTION

A Fourier-transform spectrometer is extensively applica-
ble in many scientific fields, due to its high throughput and
multiplexing advantages, compared to diffractive optics-
based spectroscopy [1]. In a Fourier-transform spectrom-
eter an interferogram is obtained by modulating an optical-
path difference, and a spectrum is obtained by performing
a Fourier transform on the interferogram. In a conventional
Fourier-transform spectrometer an interferogram can be
obtained using an interferometric structure based on a Mi-
chelson interferometer, in which the optical-path difference
is easily modulated by moving one of two mirrors back and
forth. One severe disadvantage is that the spectrometer has

to be operated under vibration-free conditions, or else errors
occur from the incomplete optical alignment during mirror
movement. Hence the spectrometer must be sophisticated,
and as a result is bulky and expensive.

Various static modulation-based Fourier-transform spec-
trometers have been reported, to substitute for a conven-
tional dynamic modulation-based Fourier transform spec-
trometer. Unlike the conventional type, they do not need
mechanically movable components, and produce a spatially
modulated optical-path difference from an interferometric
structure, resulting in a compact spectrometer. Furthermore,
this spectrometer is immune to vibration, allowing rapid
measurement. A modified Sagnac interferometer [1-4], a
Wollaston-prism-based interferometer [5—8], and a single-
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mirror-based interferometer [9] were introduced as so-
phisticated static modulation-based spectrometers. These
spectrometers lead to a short maximum optical-path dif-
ference, because the value is limited by the interferometric
structure. The number of sampling data points in the static
modulation-based spectrometer is insufficient, because the
total number of sampling points depends on the number
of pixels in the overlapped sector of a detector in a one-
dimensional array. As the result, static modulated Fourier-
transform spectrometers have suffered from poor spectral
resolution.

As a suggestion to overcome the poor spectral resolution,
it is possible for the maximum optical-path difference to be
increased out of necessity. Then it is suggested to add an
extra optical component that modulates optical-path differ-
ence in two-dimensional space. An interferometer based on
two birefringent prisms [10] and one based on two sets of
stepped mirrors [11] were taken into account. Meanwhile,
a long maximum optical-path difference was achieved by
the wrapping method [12]. These studies were based on
changing the physical structures, leading to complexity of
the spectrometer. On the other hand, a signal-padding tech-
nique [13] improves the spectral resolution without chang-
ing the interferometer’s structure. It works effectively even
when the number of data points is insufficient.

A spectral reconstruction method was employed in a
scalable Fourier transform spectrometer [14]. It consists of
several optical switches. Since the optical-path difference
increases exponentially with the number of optical switch-
es, a long maximum optical-path difference was obtained
with just a few optical switches and delays. However, the
number of sampling points is related to the number of per-
mutations of the switches, resulting in few sampling points
and poor spectral resolution. The spectral reconstruction
algorithm is effective to surpass these shortcomings. The
spectrum is reconstructed by calculating the relationship of
the interferogram and a transfer function. The transfer func-
tion is composed of signals measured through wavelength
sweeping for each permutation of the optical switches.
The reconstruction algorithm enables the spectrometer to
achieve a spectral resolution that many static modulated
Fourier-transform spectrometers cannot. However, to obtain
a high spectral resolution, sufficient data points are needed
in the given wavelength range. In the process of obtaining
a transfer function this may be difficult to achieve, because
the wavelength sweeping and phase errors should be pre-
cisely controlled and corrected respectively.

In the static modulated Fourier-transform spectrometer,
although a long maximum optical-path difference may be
obtained, high spectral resolution is still not obtainable, due
to the limitation of the total sampling data points. In this
paper, we propose a reconstruction algorithm to overcome
these shortcomings. In the first place, we investigate how
structural parameters such as the mirror displacement, opti-
cal-path difference, and focal length contribute to generat-
ing the transfer function of the spectrometer. Consequently

the transfer function can be calculated over a wide spectral
range, without the wavelength sweeping. We choose the
elastic net, known as the most effective regression method.
During spectral reconstruction, we empirically find that the
information at high optical-path difference induces distor-
tion. The phase error of the interferogram causes the zero-
path difference to be shifted, resulting in mismatch of the
zero-path difference between the interferogram and the
transfer function. It also induces spectral distortion. We
discuss applications of the apodization function to reduce
the distortion, and an approach for compensating the phase
mismatch.

The static modulated Fourier-transform spectrometer
consists of a modified Sagnac interferometer, so the maxi-
mum optical-path difference and sampling frequency are
easily adjusted by altering a mirror’s position. It has the
advantage of avoiding aliasing. A source with 6,451 cm'
central wave number and 337 cm ' spectral width is ap-
plied. Each set of interferogram and transfer function is
determined for each pair of different positions of the mirror.
The transfer function is calculated within the wave number
range from 3,571 to 12,500 cm ', which is the same as the
range of the detector and is much broader than other trans-
fer functions produced by wavelength sweeping. The recon-
struction is performed on each data set. Finally, the spectral
resolution significantly improves from 27 cm ' to 8.7 cm ',
which is, to our knowledge, the best value among has ever
reported in the static modulated Fourier-transform spec-
trometer system. This reconstruction algorithm enables the
static modulated Fourier-transform spectrometer to exhibit
high performance that the other types of static modulated
Fourier-transform spectrometers cannot match.

II. METHODS

The modified Sagnac interferometer comprises one
beam splitter and two mirrors. The beam splitter is tilted by
45°, and the two mirrors are tilted by 67.5° from the opti-
cal axis. Figure 1(a) shows the static modulated Fourier-
transform spectrometer comprising the modified Sagnac in-
terferometer, during the reconstruction process. The sample
interferogram (SI) is observed by detector (D) and is sent
to the computer interface (CI). The CI performs the phase
correction on the interferogram, and creates the transfer
function of the transfer-function matrix of the spectrometer
(TM) to reconstruct the spectrum (RS). The reconstruction
is conducted by elastic-net regression.

If M1 and M2 are located at equal distances from the
beam splitter (BS), after the incident beam is split at the BS
the resulting beams travel equal optical-path lengths, result-
ing in no optical-path difference between the two beams.
Therefore, the interferogram cannot be formed in the focal
plane where the one-dimensional detector D is placed. If
M2 is moved by a from the initial symmetric position, each
beam travels a different optical-path length. When both
beams exit the interferometer, they are separated by dis-
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FIG. 1. The static modulated Fourier-transform spectrometer during the reconstruction process and a magnified optical layout for its
optical-path difference. (a) Schematic view of the static modulated Fourier-transform spectrometer consisting of a modified Sagnac
interferometer. S, source; SD, source driver; M1, fixed mirror; M2, displaced mirror; BS, beam splitter; FL, focusing lens; D, one-
dimensional detector; CI, computer interface; SI, sample interferogram; TM, transfer-function matrix of the spectrometer; RS,
reconstructed spectrum. (b) Magnified optical layout near the one-dimensional detector array.

tance /. This distance is proportional to a and is expressed
as[1, 13]

l=\/5aa

where / is the separation of the two beams and a is the dis-
placement of M2 from the symmetric position.

In the modified Sagnac interferometer, the optical-path
difference in the focal plane is obtained from the optical
layout shown in Fig. 1(b). If § is small enough, the optical-
path difference is expressed as [15]

(1)

[
A=y— 2
yf’ )

where 4 is the optical-path difference, y is the detector-
surface-directional position in the focal plane (related to the
pixel width of the detector), and f'is the focal length of the
lens. In the static modulated Fourier-transform spectrom-
eter, the spectral resolution is inversely proportional to the
maximum optical-path difference. The maximum optical-
path difference depends on both the optical-path difference
introduced in Eq. 2 and the overlapped sector width of two
beams. If / is long, the optical-path difference is increased,
then the width of the overlapped sector is reduced, so that
the number of sampling data points in the overlapped sector
is not sufficient to describe the spectrum. Owing to these
reasons, the spectral resolution of the static modulated
Fourier-transform spectrometer is limited.

Associated with the interferogram, the optical-path dif-
ference is expressed as

107,) = [ BO) cosQvio,) v,

where I(ny,,;,) is the interferogram, y,,;, is the pixel width of
the detector,  is an integer indicating pixel position, B(v) is
the spectral information, and v is the wave number. As a re-
sult, the obtained interferogram appears to be discrete, and

since the spectrum is obtained from the Fourier transform,
it is also discrete. The interferogram, the transfer function,
and the spectral information compose a linear equation [14]
I1=TB, 4)
where I is the interferogram (a column vector with M ele-
ments), B is the spectral information (a column vector with
N elements), and T is the transfer function of the spectrom-
eter (an M x N matrix). If the inverse matrix of T exists and
the interferogram is given, the spectral information is re-
constructed. We assume that the cosine term in Eq. 3 is the
transfer function of the spectrometer. In addition, we apply
an apodization function to the transfer function, because
the signal-to-noise ratio at high optical-path difference is
so low that spectral distortion may result. In this study, the
Blackman-Harris function among applicable apodization
functions is applied, because it produces the smallest side
lobes. The transfer function T is expressed as follows:

BH(l)cos(zm(ly)é) BH(l)cos(znvk(ly%)

)

BH (n)cos(27v, (ny) ;)

T=

BH (n) cos(27tv, (ny) %)

where v, is the minimum wave number and v, the maxi-
mum wave number. The wave-number range is given by
that of the detector. BH(n) is the Blackman-Harris function
with 4-terms [16]. For the reconstruction, the number of
wave-number components must be greater than the number
of data points of the interferogram [14].

The obtained interferogram contains phase error, result-
ing in the zero-path differences being shifted. The mismatch
of zero-path difference distorts the reconstructed spectrum.
Fortunately, the phase information of the interferogram is
reconstructed from the real and imaginary parts of the spec-
trum, and the error is then corrected by the Mertz phase
correction. The phase information is reconstructed as [17]
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g = Im[B()]

" Re[BWV)] ©

where Re[B(v)] and Im[B(v)] are the real and imaginary
parts of the spectrum respectively, and ; is the phase as
a function of the wave number. From the relationship be-
tween the magnitude spectrum and the complex spectrum,
the phase-corrected spectrum is obtained as

B'(v)=B(v)e™ =Re[B(v)]cos(6.)+ Im[B(v)]sin(6.), (7)

where B'(v) is the phase-corrected spectrum that is equiva-
lent to the magnitude spectrum. The phase-corrected inter-
ferogram is obtained from the inverse Fourier transform of
the phase-corrected interferogram as

_i2av(ay)l
I'(ny)=[B'(v)e s ®)
where /'(ny) is the phase-corrected interferogram. Figure
2 shows the spectral reconstruction procedure in the static
modulated Fourier-transform spectrometer. In advance, we
would like to discuss how the spectrum is commonly ob-
tained: The spectrum is obtained from the Fourier transform
of the interferogram. Subsequently, phase correction is re-
quired to correct the phase error in the spectrum. The phase
error occurs when the optical-path difference shifts [17]. A
major drawback of this traditional procedure is poor spec-
tral resolution, due to the tradeoff between the maximum
optical-path difference and the width of the overlapped
sector. The spectral reconstruction method is effective at
overcoming the limitation due to this tradeoff. This method
is applied when the inverse matrix of T exists in Eq. 4.
The spectrum is numerically calculated using the standard
linear-regression model given by [14, 18]

N

©)

where [ is the interferogram at one position in the focal
plane, B, represents an error, k is an index representing the
wave number, N is the number of wave-number elements,
T, is the transfer function of the spectrometer, and B, repre-
sents the spectral information.

The estimation of the spectral information is conducted

by minimizing the residual sum of squares [18]. The stan-
dard regression model has overfitting and bias problems.
Ridge [19] and lasso [20] regressions are introduced for
better estimation. Afterward, an elastic-net method with the
help of both ridge and lasso is introduced [14, 18, 21, 22].
Equation (9) is rewritten as

min=—5"(7,— B, ~T'BY +a(+a|B, + =2 B[, (10
BB = N . n 0 n 1 2 272 ( )

where M is the number of data points of the interferogram,
1, is the interferogram, » indicates the pixel position, T,
is the ma;;rix for the transfer function of the spectrometer

given by Y7, ,, B is the spectral information given by Y_ B,, and
k=1 k=1
A is a positive regularization parameter. The parameter A is

basically determined by a standard holdout cross-validation
technique [14, 21]. « is the value that defines the ratio of
lasso regression to ridge regression. If ¢ is 1, Eq. IQ« be-

comes lasso regression. ||B||, and ||B||; are given by Z\Bk\
N k=1

and ZBA?, respectively.

k=1

III. RESULTS AND DISCUSSION

The spectrometer is built as shown in Fig. 1. As the in-
cident source, an light-emitting diode (LED) with center
wavelength of 6451 cm™' and output of 2 mW is used. A
parabolic mirror-based reflector is coupled to the LED to
generate a parallel beam. A thermal electric module is used
to control the temperature of the LED to be 25 °C. The
beam diameter is 8.23 mm, based on the width of the ¢
point from the highest intensity. Two silver-coated mirrors
are used, in which each width is 2 inches. The beam split-
ter has 50% transmittance at 45°-to-incident angles, in the
wavelength range from 3,920 to 11,110 cm ™. The sensing
length and pixel pitch of the detector are 12.8 mm and 25
um respectively. The exposure time is set to 4 ms. For com-
parison, the spectrum of the source is separately measured
by a monochromator.

Figure 3 shows the transfer function of the spectrometer.
It is created using Eq. 5. The spectral range is from 3,571
cm ' to 12,500 cm™', which coincides with that of the detec-
tor. In the reconstruction process, the spectral resolution is
related to the interval between the wave-number compo-
nents in the transmission spectrum. With the consideration
that the number of wave-number components must be

______________________________________________________________________________________

i Reconstruction process

Interferogram I

oo {Transfer function of the spectrometer T]

: Linear regression

v

Reconstructed Spectrum B=T1

FIG. 2. Spectral reconstruction procedure.
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greater than the number of data points in the interferogram,
we choose 1,024 data points. In this case the spectral reso-
lution is 8.7 cm ™. In our previous study [13], the best spec-
tral resolution was theoretically calculated to be 27 cm ', so
the spectral resolution in this study has improved by 70%.
The zero-path difference of the transfer function is locat-
ed at the center of the focal plane. The recorded interfero-
gram contains a phase error, resulting in a slightly shifted
zero-path difference. The difference between the transfer
function and the interferogram leads to an inaccurately
reconstructed spectrum. Figure 4(a) shows a comparison
of the interferogram to the transfer function. This transfer
function is calculated by the sum of the wave numbers
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FIG. 3. Transfer function of the spectrometer, when the

displacement of the mirror is 2 mm. The spectral range is from
3,571 cm ™ to 12,500 cm ™.
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along with each optical-path difference. At the zero-path
difference the transfer function has the highest intensity,
whereas in the case of the interferogram the highest inten-
sity does not appear at the zero-path difference. The phase
in the interferogram is reconstructed using Eq. 6, and then
the error is corrected with Eq. 7. Figure 4(b) shows a com-
parison of the phase-corrected interferogram to the transfer
function. The highest intensity appears at the center, in both
the interferogram and the transfer function.

Figure 5 shows the changes of the reconstructed spectra
under the applied apodization. The reconstruction is per-
formed using Eq. 10. The solid line is the reconstructed
spectrum without applying the apodization function; the
dashed line is the reconstructed spectrum with applying
the apodization function. The Blackman-Harris function
strongly suppresses the side lobes in the spectrum, and con-
verts values into positive ones on the spectrum. The inter-
ferograms are obtained at different optical-path differences,
evaluating the transfer function of the spectrometer. Figure
5(a) shows the reconstructed spectrum for 2 mm of mir-
ror displacement. The spectral width of the reconstructed
spectrum is 479 cm ' when the apodization function is not
applied. Subsequently, the reconstruction is conducted af-
ter the apodization function has been applied. The spectral
width is reduced to 400 cm™'. The spectral width of the
source measured by the monochromator is 337 cm . The
spectral-width difference between the reference and recon-
structed spectra is significantly reduced, from 142 cm ' to
63 cm ', but the reduced spectral width is still wider than
that of the reference spectrum, as expected for the relatively
short maximum optical-path difference. Figure 5(b) shows
the reconstructed spectrum for 5 mm of mirror displace-
ment. The spectral widths are both close to 356 cm . How-
ever, a severe spectral distortion is observed around 6450
cm ' when the apodization function is not applied. By ap-
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FIG. 4. Effectiveness of phase correction on the interferogram, compared to the transfer function. (a) Phase not corrected, and (b)
corrected interferogram. The transfer function is calculated as the sum of the wave-number components in the transfer function
along the optical-path difference. The interferogram and transfer function are obtained at 2 mm of mirror displacement.
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plying the apodization function to the transfer function, the
spectrum is successfully reconstructed.

Figure 6(a) shows the spectrum for 2 mm of mirror dis-
placement. The true spectrum (dashed line) is that obtained
by the formal Fourier-transform process, without the re-
construction process. The reconstruction (solid line) is the
spectrum obtained by the regression of Eq. 10. The refer-
ence (dotted line) is the spectrum obtained by the mono-
chromator. The spectral width of the source obtained by the
formal Fourier-transform procedure is 488 ¢cm ', and the
spectral resolution is 122 cm . The spectral width of the
source reconstructed by Eq. 10 is 400 cm ', and the spectral
resolution is 8.7 cm . This reconstructed spectrum is more
precise than the reference spectrum, when A and ¢ are 5.0
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and 0.75 respectively. The spectral width of the source on
the monochromator is 337 cm '. Compared to the refer-
ence spectrum, the spectral widths of both the reconstructed
spectrum and the spectrum obtained by Fourier transform
are broad. This is expected, due to the short maximum
optical-path difference. Figure 6(b) shows the spectrum for
5 mm of mirror displacement. In general, the maximum op-
tical-path difference depends on the overlapped sectors. For
long mirror displacement, the short width of the overlapped
sector exists, so the maximum optical-path difference is
limited. In this experiment, the optimal mirror displacement
that maintains the longest maximum optical-path difference
is 5 mm. The spectral width of the source from the formal
Fourier-transform procedure is 376 cm ', and the spectral
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FIG. 5. Change in the reconstructed spectrum, with and without apodization of to the transfer function. The spectrum is obtained at (a)

2 mm of mirror displacement and (b) 5 mm of mirror displacement.
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FIG. 6. Spectrum comparison. The spectrum was obtained at (a) 2 mm of mirror displacement, and (b) 5 mm of mirror displacement.
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resolution is 49 cm '. However, when the reconstruction
process is applied, the spectral width of the source recon-
structed by Eq. 10 and the spectral resolution improve to
356 cm ' and 8.7 cm ' respectively. In this case, the values
of A and « applied in the calculation are 3.4 and 0.75 re-
spectively. The difference in spectral width between the ref-
erence and reconstructed spectra, compared to the spectral
width of 63 cm ' in the case of 2-mm mirror displacement,
is significantly reduced to 19 cm'. These results assume
that it is still important to obtain a long maximum optical-
path difference for better reconstruction of the spectrum. In
addition, comparing the spectral width of the reconstructed
spectrum to that of the spectrum obtained simply by Fourier
transform, the spectral width is as narrow as 20 cm ', which
is much closer to that of the reference spectrum. We can
perform the reconstruction of a wider spectrum [14] and
achieve a higher spectral resolution of 8.7 cm™' [13].

IV. CONCLUSION

The elastic-net reconstruction algorithm was introduced
for the static modulated Fourier-transform spectrometer.
The algorithm successfully reconstructed the spectrum of
the broad spectral band. In this study, the transfer function
of the spectrometer was generated in matrix form. The opti-
cal-path difference and the interferogram in the focal plane
were discussed, to create the transfer function for the static
modulated Fourier-transform spectrometer, which consisted
of a modified Sagnac interferometer. To successfully recon-
struct the spectrum, the phase error of the interferogram had
to be corrected. The Mertz phase-correction method was
effective for compensating the error. In addition, an apo-
dization function was employed to suppress the distortion
of the reconstructed spectrum. The wave-number range was
set to be equal to the measurable range of the detector. The
spectral resolution depended on the interval between wave-
number components in the transfer function. The number
of wave-number components was chosen to be greater
than that of the interferogram. For better reconstruction,
the acquisition of the longest maximum optical-path dif-
ference was important. Compared to the spectral resolution
in the formal Fourier-transform procedure, the suggested
approach enabled the spectrometer to significantly improve
the spectral resolution.
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